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Abstract: The Pontecorvo theory describes neutrinos as linear combinations of mass
eigenstates. In this paper, we prove that this construction is incompatible with Poincaré-
covariant quantum field theory unless all the mass eigenstates are identical where there are
no flavor oscillations. The theory pioneered by Blasone and Vitiello provides a possible
description of massive neutrinos as generalized coherent flavor eigenstates via Bogoliubov
transformations within the extended Standard Model. In this paper, we compute the neu-
tron β decay spectrum using the Blasone-Vitiello theory with two neutrinos and found that
in the relativistic limit, the result is in agreement with the Standard Model. An important
feature is that the decay has contributions from n→ p+ + e− + νe and n→ p+ + e− + νµ.
We show that the contribution from the latter flavor-violating process is a consequence of
neutrino oscillations.
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1 Introduction
Neutrino oscillation provides the most concrete evidence for physics beyond the Standard
Model (SM). Based on the results obtained by various experiments [1–9], it is widely ac-
cepted that the phenomena of flavor oscillation for relativistic neutrinos can be adequately
described by the Pontecorvo theory. In this theory, a single neutrino state of flavor α is
defined as
|να〉 ≡
∑
i
U∗αi|pi,mi〉 (1.1)
where Uαi is the unitary mixing matrix and |pi,mi〉 is the mass eigenstate of momentum
pi. Despite its success, we know that the theory does not provide a complete description
of neutrinos because it is based on quantum mechanics, not quantum field theory (QFT).
As we will show in sec. 2, a direct attempt to incorporate the Pontecorvo theory with
Poincaré-covariant QFT is not possible.
The limitations of the Pontecorvo theory can be addressed in the extended SM with
massive neutrinos following the works of Shrock [10–12]. The starting point is a flavor field
να(x) defined as
να(x) =
∑
i
Uαiνi(x) (1.2)
where νi(x) is a Dirac field of mass mi. Although eqs. (1.1) and (1.2) take similar forms,
their physics are not the same. In fact, it was shown in ref. [13] that |να〉 can only be
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obtained from να(x) in the relativistic limit. Additionally, the corresponding annihilation
and creation operators do not satisfy the canonical anti-commutation relations unless one
takes the relativistic limit.
The difficulties of constructing flavor eigenstates and describing the phenomena of
oscillations are resolved by the introduction of ‘weak-processed state’ [13] or without the
weak states [14]. The important features shared by the two approaches are that the flavor
oscillations are process-dependent and that in the relativistic limit, the formulae agree with
the Pontecorvo theory. Additionally, when neutrinos are interacting as external particles,
they are taken to be mass eigenstates.
These works raise two important questions: (i) Is it possible to describe neutrino inter-
actions and oscillations using flavor eigenstates? (ii) Can a free neutrino flavor eigenstate
be described by a fermionic field that is expanded in terms of a set of flavor annihilation
and creation operators satisfying the canonical anti-commutation relations? Reference [13]
showed that |να〉 cannot be obtained from να(x). In the next section, we prove a new
no-go theorem that goes in the opposite direction. Any field operators (bosonic as well as
fermionic) expanded using the annihilation and creation operators associated with eq. (1.1)
are inconsistent with space-time translational invariance unless all the mass eigenstates are
identical.
The theory pioneered by Blasone and Vitiello (BV) answers the above questions in the
affirmative [15]. Blasone, Henning and Vitiello (BHV) showed that massive neutrinos can
be described as generalized coherent flavor eigenstates via Bogoliubov transformations and
derived the exact oscillation formulae without making assumptions on the neutrino energy
and momentum [16]. The idea of taking neutrinos as coherent states is not new. A similar
construct was considered in ref. [17]. Recently, there are works studying the structure of
flavor transformations in the extended SM [18] as well as proposals that Majorana neutrinos
are Bogoliubov quasi-particles [19–21].
An important task for the BV theory is to study the neutrino interactions. One such
calculation has been considered in refs. [22, 23] but it was not completed. One concern
for the theory is that since the neutrinos are flavor eigenstates, they will undergo flavor
oscillations. As a result, it is not immediately obvious how their asymptotic free states far
before and after the interactions which are needed to compute the S-matrix are defined. In
this paper, we compute the neutron β decay spectrum using the BV theory and found that
in the relativistic limit, it is in agreement with the SM. However, an important difference
from the SM is that there are two contributions to the decay namely n→ p+ + e−+ νe and
n → p+ + e− + νµ. In the short-time approximation just before and after the interaction,
the S-matrix at finite time for the flavor violating process vanishes. However, in the limit
far before and after the interaction (t→ ±∞), the flavor-violating process is non-vanishing.
This result can be explained by the asymptotic behavior of flavor oscillations which is
naturally incorporated in the BV theory. We show that in the relativistic limit, the spectrum
per flavor is simply the SM spectrum multiplied by the average oscillation probability.
The paper is organized as follows. In sec. 2, we prove that the Pontecorvo theory is
incompatible with Poincaré-covariant QFT. In sec. 3, after reviewing the works of BV, we
study the theory at low-energy. In sec. 4, we compute the neutron β decay spectrum using
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the BV theory with two neutrinos. Finally, we conclude by discussing the relevance of our
results to the KATRIN [24, 25] and the upcoming PTOLEMY experiment [26].
2 A no-go theorem
In this section, we prove a no-go theorem for incorporating the Pontecorvo theory into
QFT within the extended SM framework. As we will show, our theorem not only applies
to spin-half fermions, it is applicable to all bosonic as well as fermionic mass eigenstates
that furnish representations of the Poincaré group.1 Before we proceed, it is instructive to
examine the motivation as well as the implication behind the failed attempt.
The motivation for incorporating the Pontecorvo theory within the extended SM is
simple. If this is possible, we would have an extended SM that describes flavor oscillations
as well as their interactions under a unified framework. It then follows that the neutrinos
produced in the weak interactions must be described by eq. (1.1). Consequently, there must
exist a set of flavor operators
cα(p˜, σ) ≡
∑
i
Uαiai(pi, σ), (2.1)
dα(p˜, σ) ≡
∑
i
Uαibi(pi, σ) (2.2)
and a vacuum state from which the neutrino and anti-neutrino states are created. Here we
have defined p˜ ≡ (p1, · · · ,pN ) where N is the number of mass eigenstates and σ is the
helicity or spin-polarization of the neutrinos.
So far, we have not imposed any conditions on the energy and momentum of the mass
eigenstates. However, certain conditions must be made for if the momenta are arbitrary,
the flavor operators will in general not satisfy the canonical anti-commutation relations.
Explicit calculations of the anti-commutators show that the equal momentum condition
(EMC) pi ≡ p for all i gives us the desired result
{cα(p, σ), c†β(p′, σ′)}|pi=p = {dα(p, σ), d†β(p′, σ′)}|pi=p
= δαβδσσ′δ
3(p− p′) (2.3)
with all other anti-commutators identically vanish.2 Since U(Λ) is unitary, we have
{cα(q˜, σ), c†β(q˜′, σ′)} = {dα(q˜, σ), d†β(q˜′, σ′)}
= δαβδσσ′δ
3(p− p′) (2.4)
for all qi and q′i that are related to pi = (Ei,p) and p
′
i = (E
′
i,p
′) by a Lorentz transformation
Λ. Here, all the mass eigenstates are on-shell, satisfying the relations Ei =
√
|p|2 +m2i and
E′i =
√
|p′|2 +m2i .
1To be more specific, we only consider linear combinations of mass eigenstates that belong to the same
representation of the Poincaré group.
2Another common condition is equal energy for all mass eigenstates. But since this condition does not
yield the canonical anti-commutation relations, we do not considered it here.
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There are important distinctions between the EMC and the usual equal momentum
assumption for relativistic neutrinos that must be clarified. The EMC does not assume all
the mass eigenstates have equal momentum or that they are relativistic. Instead, it is a
statement on the existence of an inertial frame where all mass eigenstates have the same
momentum. For example, a neutrino produced by charged pion decay in the inertial frame
O can have the configuration pi 6= pj for some i and j but there must exist an inertial frame
O′ related to O by a Lorentz transformation where p′i = p′ for all i. On the other hand,
under the equal momentum assumption, all the mass eigenstates of relativistic neutrinos
are assumed to have the same momentum. Although the equal energy or equal momentum
assumptions simplify the calculations, they are not necessary. Results obtained from the
wave-packet theory [27] and from QFT [13, 14] have derived oscillation formulae which
agree with the Pontecorvo theory in the relativistic limit without having to make either of
the two assumptions.
While these approaches are in agreement with experiments, we wish to emphasize that
they are not the only possibility. As we will show in the next section, the BV theory
provides an alternative description to neutrino interactions and oscillations.
We now prove the no-go theorem. Our objective is to show that it is impossible to
construct a Poincaré-covariant field operator ψα(x) with cα(p˜, σ) and dα(p˜, σ) given by
eqs. (2.1) and (2.2). Imposing the EMC, we have
ψα(x) = (2pi)
−3/2
∫
d3p
∑
σ
[
uα(p, σ;x)cα(p, σ) + vα(p, σ;x)d
†
α(p, σ)
]
(2.5)
where uα(p, σ;x) and vα(p, σ;x) are coefficients to be determined and there are no sum-
mation over α on the right-hand side. From the transformations of ai(p, σ) and b
†
i (p, σ),
the coefficients can be uniquely fixed up to a global constant (see ref. [28, chap. 5]). Their
space-time dependences are determined by setting Λ = I so that
U(%)ψα(x)U
−1(%) = ψα(x+ %). (2.6)
The left- and right-hand side of eq. (2.6) expands to
U(%)ψα(x)U
−1(%) = (2pi)−3/2
∫
d3p
∑
i
∑
σ
[
uα(p, σ;x)e
−ipi·%Uαiai(p, σ)
+vα(p, σ;x)e
ipi·%U∗αib
†
i (p, σ)
]
(2.7)
where pi · % = Ei%t − p · % and
ψα(x+%) = (2pi)
−3/2
∫
d3p
∑
i
∑
σ
[
uα(p, σ;x+ %)Uαiai(p, σ) + vα(p, σ;x+ %)U
∗
αib
†
i (p, σ)
]
(2.8)
respectively. Equating both sides, we obtain∑
i
uα(p, σ;x)e
−ipi·%Uαiai(p, σ) =
∑
i
uα(p, σ;x+ %)Uαiai(p, σ), (2.9)∑
i
vα(p, σ;x)e
+ipi·%U∗αib
†
i (pi, σ) =
∑
i
vα(p, σ;x+ %)U
∗
αib
†
i (p, σ). (2.10)
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Equations (2.9) and (2.10) only have trivial solutions. To see this, we note that since the
annihilation and creation operators for different mass eigenstates are linearly independent,
the above equations simplify to
uα(p, σ;x+ %) = uα(p, σ;x)e
−ipi·%, (2.11)
vα(p, σ;x+ %) = vα(p, σ;x)e
+ipi·%. (2.12)
Equations (2.11) and (2.12) cannot be simultaneously satisfied unless pi = pj = p. This
means that mi = mj = m and the Pontecorvo states become physically equivalent to a
mass eigenstate |να〉 = Uα|p,m〉 with Uα ≡
∑
i Uαi where there are no flavor oscillations.
The same conclusion can also be obtained from Lorentz boosts.
In summary, the Poincaré-covariant fields constructed from the Pontecorvo theory can-
not describe neutrino oscillation. While ψα(x) is not covariant, the field να(x) given by
eq. (1.2) is fully covariant. The purpose of this paper is to show that the BV theory which
is based on να(x) provides a unified framework to describe neutrino interactions and os-
cillations. Our proof can be generalized to all bosonic and fermionic fields without much
modifications since it does not depend on the specific representations of the Lorentz group or
the spin-statistics. It only relies on the demand of translation invariance which is universal
for all particles and fields.
3 Generalized coherent flavor eigenstates
In this section, we present a consistent QFT approach to neutrino oscillation using the BV
theory [15, 16]. After reviewing their works, which includes the derivations of the oscillation
formulae, we examine the behavior of oscillations at low-energy.
The BV theory is based on the extended SM where massive neutrinos are described
by να(x) given in eq. (1.2). While να(x) is Poincaré-covariant, it is not obvious how να(x)
can be expanded in terms of flavor annihilation and creation operators that satisfy the
canonical anti-commutation relations. This problem did not seem to have received much
attention. For all the theoretical limitations to the Pontecorvo theory, it has been successful
in describing the oscillations of relativistic neutrinos. Additionally, there are field theoretic
approaches within the extended SM that are able to describe the interactions and oscillations
of neutrinos [13, 14].
However, these approaches are not the only possibility. The results obtained by Chang
et al. [17] and later studied in more depth by BV showed that there exists an expansion
of να(x) in terms of flavor operators for the theory of two and three neutrinos that satisfy
the canonical anti-commutation relations [15, 29]. This was later generalized to arbitrary
number of neutrinos [30]. As a result, the neutrino oscillations can be described by the
generalized coherent flavor eigenstates.3 On the other hand, their interactions have so far
not been studied in detail. We fill this gap in sec. 4 where we compute the neutron β decay
spectrum.
3From now onwards, we will simply refer to the generalized coherent flavor eigenstates as flavor eigen-
states.
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We now review the solution to the problem of expanding να(x) in terms of flavor
operators as presented in refs. [15, 29]. For simplicity, we consider the theory of two
neutrinos where
νe(x) = + cos θ ν1(x) + sin θ ν2(x), (3.1)
νµ(x) = − sin θ ν1(x) + cos θ ν2(x). (3.2)
Comparing to the theory of three neutrinos, apart from the absence of CP violation, the
oscillation formulae are simpler but still contain the essential features. The crucial observa-
tion was that eqs. (3.1) and (3.2) are Bogoliubov transformations. They can be rewritten
in the form
νe(x) = G
−1
θ (t)ν1(x)Gθ(t), (3.3)
νµ(x) = G
−1
θ (t)ν2(x)Gθ(t) (3.4)
where Gθ(t) is a unitary operator defined as
Gθ(t) ≡ exp
[
θ
∫
d3x
(
ν†1(x)ν2(x)− ν†2(x)ν1(x)
)]
. (3.5)
The field νi(x) takes the form
νi(x) = (2pi)
−3/2
∫
d3p√
2Ei
∑
σ
[
e−ipi·xui(p, σ)ai(p, σ) + eipi·xvi(p, σ)b
†
i (p, σ)
]
(3.6)
where pµi = (Ei,p) and Ei =
√
|p|2 +m2i . The operators satisfy the standard canonical
anti-commutation relations
{ai(p, σ), a†j(p′, σ′)} = {bi(p, σ), b†j(p′, σ′)}
= δσσ′δijδ(p− p′). (3.7)
The vacuum state for the theory is defined as a tensor product of the vacuum for the two
mass eigenstates | 〉 ≡ | 〉1 ⊗ | 〉2 so it is annihilated by ai(p, σ) and bi(p, σ). The particle
and anti-particle mass eigenstates are given by
a†i (p, σ)| 〉 = |p,mi, σ〉, b†i (p, σ)| 〉 = |p,mi, σ〉. (3.8)
From eqs. (3.3) and (3.4), the flavor field takes the form
να(x) = (2pi)
−3/2
∫
d3p√
2Ei
∑
σ
[
eip·xui(p, σ)aα(p, σ, t) + e−ip·xvi(p, σ)b†α(p, σ, t)
]
(3.9)
where the indices on the left- and right-hand side are paired as (e, 1) and (µ, 2). Therefore,
the flavor operators at time t are given by
aα(p, σ, t) ≡ G−1θ (t)[e−iEitai(p, σ)]Gθ(t), (3.10)
bα(p, σ, t) ≡ G−1θ (t)[e−iEitbi(p, σ)]Gθ(t). (3.11)
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They annihilate the time-dependent flavor vacuum
| 〉θ,t ≡ G−1θ (t)| 〉 (3.12)
and their Hermitian conjugations create single neutrino and anti-neutrino states
a†α(p, σ, t)| 〉θ,t = |p, α, σ, t〉, (3.13)
b†α(p, σ, t)| 〉θ,t = |p¯, α, σ, t〉. (3.14)
Equations (3.1), (3.2) and (3.9) provide two different expansions for the flavor fields. By
equating them and using the orthonormal relations between the Dirac spinors, aα(p, σ, t)
and bα(p, σ, t) can be expanded in terms of ai(p, σ) and bi(p, σ) (see app. A).
The BV theory can be seen as an extension of the theory of coherent states in quantum
mechanics to QFT [31, 32]. One of the important features is the in-equivalence of states in
the infinite volume limit. Specifically, the flavor and mass eigenstates are orthogonal and
the flavor eigenstates at different times are also orthogonal:
θ,t〈 | 〉 = 0, 〈p,mi, σ′|p, α, σ〉 = 0
θ,t′〈 | 〉θ,t = 0, 〈p, α, σ′, t′|p, α, σ, t〉 = 0.
(3.15)
Details of the analysis can be found in refs. [15, 33].
One of the important features of the BV theory is the non-trivial time evolution of
the flavor operators. Since the flavor eigenstates are not energy eigenstates, their time
evolutions are more complicated. The explicit expressions of aα(p, σ, t) and bα(p, σ, t) in
terms of aα(p, σ) and bα(p, σ) are given by (see eqs. (A.34) and (A.35) for more details)
aα(p, σ, t) =
∑
β,σ′
[
Uαβ(p, σ, t)aβ(p, σ) + Vαβ(p, σ, σ
′, t)b†β(−p, σ′)
]
, (3.16)
bα(p, σ, t) =
∑
β,σ′
[
Uαβ(p, σ, t)bβ(p, σ) + Vαβ(p, σ, σ
′, t)a†β(−p, σ′)
]
. (3.17)
The right-hand side of eqs. (3.16) and (3.17) are sums of operators for particles and anti-
particles over spin-projections and flavors. It then follows that the field να(x) at time t is
also a sum of fields of different flavors (see eqs. (A.43 and (A.44))
νe(x) = λe(x) + λµ(x), (3.18)
νµ(x) = %e(x) + %µ(x). (3.19)
What the above equations tell us is that when oscillation is taken into account, flavor is not
exactly conserved [23]. This fact becomes important in the next section when we compute
the neutron β decay spectrum.
The states given by eqs. (3.13) and (3.14) are flavor eigenstates because they are eigen-
states of the flavor charge operator
Qα(t
′) =
∫
d3p
∑
σ
[
a†α(p, σ, t
′)aα(p, σ, t′)− b†α(p, σ, t′)bα(p, σ, t′)
]
(3.20)
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at equal time t = t′. Since the flavor eigenstates at different times are orthogonal, the
oscillation probabilities cannot be obtained by calculating the inner-products of states.
Instead, the oscillations are quantified by calculating the expectation values of the flavor
charge operator [15, 16]
Qe→e(t) = 〈p, e, σ|Qe(t)|p, e, σ〉
= 1− sin2 2θ
[
U2(p, σ) sin2
(
E1 − E2
2
t
)
+ V 2(p, σ) sin2
(
E1 + E2
2
t
)]
(3.21)
Qe→µ(t) = 〈p, µ, σ|Qe(t)|p, µ, σ〉
= sin2 2θ
[
U2(p, σ) sin2
(
E1 − E2
2
t
)
+ V 2(p, σ) sin2
(
E1 + E2
2
t
)]
(3.22)
where the U(p, σ) and V (p, σ) are given by eqs. (A.13) and (A.23). They satisfy
U2(p, σ) = 1− V 2(p, σ)
=
|p|2 +m1m2 + E1E2
2E1E2
. (3.23)
The oscillations are independent of σ and are dependent on the difference and the sum of
the energies. When |p| ≈ E  mi, the first term dominates since
U2(p, σ) ≈ 1−
(
m1 −m2
2E
)2
, (3.24)
V 2(p, σ) ≈
(
m1 −m2
2E
)2
. (3.25)
Therefore, we get
Qe→e(L) ≈ 1− sin2 2θ sin2
(
∆m2L
4E
)
+
(
m2 −m1
2E
)2
sin2 2θ
[
sin2
(
∆m2L
4E
)
+ sin2
(
EL+
Σm2L
4E
)]
(3.26)
where we have used the relativistic approximations t ≈ L, Ei ≈ E + m2i /(2E) along with
the definitions ∆m ≡ m22 −m21 and Σm2 ≡ m22 + m21. When E ≥ 1MeV and mi ∼ 0.1eV,
the oscillation given by eq. (3.26), for all practical purposes, is identical to the Pontecorvo
theory where
Pe→e(L) = 1− sin2 2θ sin2
(
∆m2L
4E
)
. (3.27)
The discrepancies are most evident at low-energy in the neighborhood of |p0| =
√
m1m2
which gives the minima and maxima of U2(p, σ) and V 2(p, σ), respectively.
For three neutrinos, flavor oscillations are functions of Uij(p) and Vij(p) whose minima
and maxima occur at |pij | = √mimj [29]. In the relativistic limit, they agree with the
Pontecorvo theory. According to the latest result from cosmology, the sum of the neutrino
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masses is constrained by
∑
imi < 0.23 eV [34]. Therefore, the discrepancies between the
two theories are most pronounced in the sub-eV region. However, oscillation experiments
in the sub-eV are region not practical because neutrinos have extremely small capture rates
at low-energy. In the next section, we will show that it is more feasible to study neutrino
interactions at low-energy via nuclear β decay.
4 Neutron β decay
In the Minkowski space-time at zero temperature, the S-matrix for particles of definite mass
is well-defined and it is used to compute observables such as cross-sections and decay rates.
However, it is not immediately obvious whether S-matrix is applicable to flavor eigenstates
due to the effect of oscillations. To understand this issue more concretely, we recall that
the S-matrix for the transition of multi-particle state |A〉 to |B〉 is defined as
SBA = out〈B|A〉in (4.1)
where |A〉in and |B〉out are the in- and out-states. They are related to the free states |A〉0
and |B〉0 in the limit far before and after the interactions
lim
t→−∞ e
−iHt|A〉in = lim
t→−∞ e
−iH0t|A〉0, (4.2)
lim
t→+∞ e
−iHt|B〉out = lim
t→+∞ e
−iH0t|B〉0 (4.3)
where H = H0 + V (t) is the full Hamiltonian and it reduces to H0 in the limit t → ±∞.
From eqs. (4.2) and (4.3), the S-matrix can then be written as
SBA = 0〈B|S|A〉0 (4.4)
with
S = lim
t→−∞
[
(e−iH0teiHt)(eiHte−iH0t)
]
(4.5)
which can be expanded using the Dyson series
S = 1− i
∫ +∞
−∞
dt V (t) + (−i)2
∫ +∞
−∞
dt1
∫ t1
−∞
dt2V (t1)V (t2) + · · · . (4.6)
For mass eigenstates such as the electrons, eqs. (4.2) and (4.3) are well-defined since the
identity of the electron remains the same throughout the time evolution. More specifically,
for the electrons, the associated mass and charge operators commute with the Hamiltonian
and are hence conserved.
The flavor eigenstates defined in eqs. (3.13) and (3.14) do not satisfy eqs. (4.2) and (4.3)
due to the effects of oscillation. That is, the flavor operator does not commute with the
Hamiltonian so it is not conserved. To overcome this difficulty, instead of taking t→ ±∞,
one may take t → ±T where T  1/(E1 + E2) so the oscillation is negligible but large
enough such that V (|T |)→ 0. But this is not a satisfactory solution. At finite T , it is not
possible to impose energy conservation. Without it, it is not clear how physical observables
can be extracted from the theory.
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Here, it is instructive to note that this problem does not arise in the SM or its extension
with massive neutrinos where they interact as mass eigenstates. The mass eigenstates do not
oscillate so they are compatible with the S-matrix. The actual flavor oscillation probabilities
can be derived by taking into account the associated flavor of the leptons produced during
production and detection [13, 14, 35]. As for the BV theory, some preliminary results on
the interactions of flavor eigenstates can be found in refs. [22, 23] but the calculations have
not been completed.
In this section, we compute the neutron β-decay spectrum using the BV theory with
two neutrinos. The S-matrix is computed using the standard prescription. The out-going
flavor eigenstates are free and the flavor fields are in the interacting picture. The only
complication arises from the time-evolution of the flavor operators given in eqs. (3.16) and
(3.17). The supposed ambiguity in the T →∞ limit for the flavor eigenstates does not pose
any technical difficulties in performing the computations. We show that in the limit T →∞,
the spectrum naturally incorporates the effect of flavor oscillations. In the relativistic limit,
the results agree with the SM.
To compute the neutron β decay spectrum, we use the following effective Lagrangian
Leff =
GF√
2
[
ψeγ
µ(I − γ5)νe
] [
Vudψuγµ(f − γ5g)ψd
]
(4.7)
where ψe(x), ψu(x) and ψd(x) are the electron, up and down quark fields respectively while
f and g are the form factors. As we have discussed in the previous section, since νe(x) is a
sum of λe(x) and λµ(x), there are two possible decay channels, n → p+ + e− + να where
α = e, µ. To the leading order, the S-matrix is given by
Sα = − iGF√
2N
[
(2pi)3δ3(pe + pν + pp − pn)
] ∫ T/2
−T/2
dt ei(Ee+Ep−En)t
×
∑
σ
[
u(pe, σe)γ
µ(I − γ5)Vα(pν , σ, σν , t)
] [
Vud u(pp, σp)γ
µ(f − γ5g)u(pn, σn)
]
(4.8)
where Vα(pν , σ, σν , t) is given by eqs. (A.49) or (A.50) and N is an energy-dependent
normalization factor
N = 1
(2pi)6(16EnEpEeE1)1/2
. (4.9)
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4.1 n→ p+ + e− + νe
We start with the process n→ p+ + e−+ νe. Substituting eq. (A.49) into Se, the S-matrix
reads4
Se = − iGF√
2N
[
(2pi)3δ3(pe + pν + pp − pn)
]
(2pi)u(pe, σe)γ
µ(I − γ5){
cos2 θv1(pν , σν)δT (Ep + Ee + E1 − En)
+ sin2 θ
[
U2v1(pν , σν) + U
∑
σ
V (−pν , σ, σν)u1(−pν , σ)
]
δT (Ep + Ee + E2 − En)
+ sin2 θ
[
V 2v1(pν , σν)− U
∑
σ
V (−pν , σ, σν)u1(−pν , σ)
]
δT (Ep + Ee − E2 − En)
}
×Vudu(pp, σp)γµ(f − γ5g)u(pn, σn) (4.10)
where
δT (E − E′) = 1
2pi
∫ T/2
−T/2
dt exp
[
i(E − E′)t] (4.11)
Here, we may proceed the calculation by taking the limit T → ∞ but we find it more
instructive to rewrite the S-matrix as
Se = − iGF√
2N
[
(2pi)3δ3(pe + pν + pp − pn)
]
u(pe, σe)γ
µ(I − γ5)
×
[
F (T )v1(pν , σν) + UG(T )
∑
σ
V (−pν , σ, σν)u1(−pν , σ)
]
×Vudu(pp, σp)γµ(f − γ5g)u(pn, σn) (4.12)
and take the limit later. The functions F (T ) and G(T ) are defined as
F (T ) ≡ +2pi cos2 θδT (Ep + Ee + E1 − En)
+2pi sin2 θ
[
U2δT (Ep + Ee + E2 − En) + V 2δT (Ep + Ee − E2 − En)
]
,
(4.13)
G(T ) ≡ 2pi sin2 θ [δT (Ep + Ee + E2 − En)− δT (Ep + Ee − E2 − En)] . (4.14)
For small T , we find that F (T ) ≈ 1 and G(T ) ≈ 0 so the S-matrix takes a similar from its
SM counterpart. To compute the decay rate, it is convenient to write the S-matrix as
Se = −2piiδ3(pp + pe + pν − pn)KµMµ (4.15)
where
Mµ =
(2pi)2GF√
2N Vudu(pp, σp)γµ(f − γ
5g)u(pn, σn), (4.16)
Kµ = u(pe, σe)γ
µ(I − γ5)
[
Fv1(pν , σν) + UG
∑
σ
V (−pν , σ, σν)u1(−pν , σ)
]
.
(4.17)
4From now onwards in the equations, we will neglect the pν and σν arguments for U
2 and V 2.
– 11 –
Summing over the spin degrees of freedom, the averaged differential decay rate is given by
(see app. B)
dΓavg(νe) =
1
2
(2pi)2
T
∑
spins
|KµMµ|2δ3(pp + pe + pν − pn)d3ppd3ped3pν . (4.18)
Here, we take the neutron to be at rest. Since mn ≈ mp and mp  mi,me, we
may take the approximation |pp| ≈ 0 ignoring the proton recoil. The spin-sums given in
eqs. (C.10)-(C.12) simplify and their sum is∑
spins
|KµMµ|2 = 2G
2
FV
2
ud
(2pi)8(EeE1)
{
(f2 + 3g2)
[
F 2 + 2U2V 2G2
]
EeE1
+(f2 − g2) [F 2 − 2U2V 2G2]mnmp(pe · pν)}
+
2G2FV
2
ud
(2pi)8(EeE1)
m1
[|pν |2 + (m1 + E1)(m2 + E2)] (m1 −m2 + E1 − E2)
2E1E2(m1 + E1)(m2 + E2)
×(f2 − g2)FG(pe · pν). (4.19)
Using the approximation |pp| ≈ 0, the average differential decay rate becomes
dΓavg(νe) =
1
2
(2pi)2
T
∑
spins
|KµMµ|2d3ped3pν . (4.20)
Setting up a spherical coordinate system with respect to pν , the terms containing pe · pν
vanish after integration leaving us with
dΓavg(νe) =
G2FV
2
ud
4pi4T
(f2 + 3g2)|pe|2|pν |2
[
F 2 + 2U2V 2G2
]
dpedpν . (4.21)
In order to proceed further, we need to take care of the δT functions. At finite time, F 2(T )
and G2(T ) consists of various products of δT functions. In the limit T → ∞, only the
diagonal terms remain and δT becomes the Dirac δ function
lim
T→∞
F 2(T ) = lim
T→∞
(2piT )
{
cos4 θ δ(Ee + E1 +mp −mn)
+ sin4 θ
[
U4δ(Ee + E2 +mp −mn) + V 4δ(Ee − E2 +mp −mn)
] }
,
(4.22)
lim
T→∞
G2(T ) = lim
T→∞
(2piT ) sin4 θ [δ(Ee + E2 +mp −mn) + δ(Ee − E2 +mp −mn)] .
(4.23)
Therefore, the spectrum for n→ p+ + e− + νe is
dΓavg
dEe
(νe) =
G2FV
2
ud
2pi3
(f2 + 3g2)|pν ||pe|Ee
{∫
E1>m1
dE1E1 cos
4 θδ(Ee + E1 +mp −mn)
+
∫
E2>m2
dE2E2 sin
4 θ
[ (
U4 + 2U2V 2
)
δ(Ee + E1 +mp −mn)
+
(
V 4 + 2U2V 2
)
δ(Ee − E2 +mp −mn)
]}
. (4.24)
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The coefficients U and V are functions of E1 and E2. To perform the integration over
energies, we rewrite them as functions of one another
E1 =
√
E22 −∆m2, E2 =
√
E21 + ∆m
2. (4.25)
The δ(Ee−E2+mp−mn) term in the spectrum does not contribute since Ei > 0 for mi > 0
but the δ-function forces E2 to be Ee − (mn −mp) ≤ 0. Therefore, this term identically
vanishes. Finally, integrating over E1 and E2, we obtain
dΓavg
dEe
(νe) =
G2FV
2
ud
2pi3
(f2 + 3g2)|pe|Ee(mn −mp − Ee)
×
[
cos4 θ
√
(mn −mp − Ee)2 −m21 + sin4 θ(U4 + 2U2V 2)
√
(mn −mp − Ee)2 −m22
]
(4.26)
with the understanding that
E1 →
√
(mn −mp − Ee)2 −∆m2, E2 → (mn −mp − Ee) (4.27)
for the coefficients U and V .
4.2 n→ p+ + e− + νµ
At the leading order, the S-matrix for n→ p+ + e− + νµ is
Sµ = − iGF√
2N
[
(2pi)3δ3(pe + pν + pp − pn)
]
(2pi) cos θ sin θ u(pe, σe)γ
µ(I − γ5)
×
{[
Uv1(pν , σν) +
∑
σ
V (−pν , σ, σν)u1(−pν , σ)
]
δT (Ep + Ee + E2 − En)
−
∑
σ
V (−pν , σ, σν)u1(−pν , σ)δT (Ep + Ee − E1 − En)
−Uv1(pν , σν)δT (Ep + Ee + E1 − En)
}
. (4.28)
We rewrite the S-matrix as
Sµ = − iGF√
2N
[
(2pi)3δ3(pe + pν + pp − pn)
]
cos θ sin θ u(pe, σe)γ
µ(I − γ5)
×
[
UJ(T )v1(pν , σν) +K(T )
∑
σ
V (−pν , σ, σν)u1(−pν , σ)
]
×Vudu(pp, σp)γµ(f − γ5g)u(pn, σn) (4.29)
where
J(T ) ≡ 2pi [δT (Ep + Ee + E2 − En)− δT (Ep + Ee + E1 − En)] , (4.30)
K(T ) ≡ 2pi [δT (Ep + Ee + E2 − En)− δT (Ep + Ee − E1 − En)] . (4.31)
At short time, J(T ) ≈ 0, K(T ) ≈ 0 so the amplitude for the flavor-violating process
vanishes. But here, we are interested in the long-term behavior where T →∞. Comparing
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eq. (4.12) to (4.29), we notice that Se → Sµ when F (T ) → UJ(T ) and G(T ) → K(T )/U .
Therefore,
dΓavg(νµ) =
G2FV
2
ud
4pi4T
(f2 + 3g2)|pe|2|pν |2
[
U2J2 + 2V 2K
]
dpedpν . (4.32)
Similar to F (T ) and G(T ), in the limit T →∞, we have
J2(T ) = lim
T→∞
(2piT ) [δ(Ep + Ee + E2 − En) + δ(Ep + Ee + E1 − En)] , (4.33)
K2(T ) = lim
T→∞
(2piT ) [δ(Ep + Ee + E2 − En)− δ(Ep + Ee − E1 − En)] . (4.34)
Performing the integration over |pν |, the spectrum for n→ p+ + e− + νµ is
dΓavg
dEe
(νµ) =
dΓ(1)avg
dEe
(νµ) +
dΓ(2)avg
dEe
(νµ) (4.35)
where
dΓ(1)avg
dEe
(νµ) =
G2FV
2
ud
2pi3
(f2 + 3g2)U2|pe|Ee(cos θ sin θ)2
×
[
(mn −mp − Ee)
√
(mn −mp − Ee)2 −m21
]
, (4.36)
E1 → (mn −mp − Ee), E2 →
√
(mn −mp − Ee)2 + ∆m2 (4.37)
dΓ(2)avg
dEe
(νµ) =
G2FV
2
ud
2pi3
(f2 + 3g2)(U2 + 2V 2)|pe|Ee(cos θ sin θ)2
×
[
(mn −mp − Ee)
√
(mn −mp − Ee)2 −m22
]
, (4.38)
E1 →
√
(mn −mp − Ee)2 −∆m2, E2 → (mn −mp − Ee). (4.39)
The substitutions of E1 and E2 are to be made for U and V .
The neutron β-decay spectrum in the BV theory with two neutrinos is given by
dΓavg
dEe
=
dΓavg
dEe
(νe) +
dΓavg
dEe
(νµ). (4.40)
The important feature is that the flavor-violating process contributes to the decay process.
if we ignore the mixing angles, the contributions from the flavor-conserving and violating
process are of the same order. This result is a direct consequence of the fact that the BV
theory incorporates the effect of flavor oscillations. When we perform the time integration
and take the limit T → ∞, we are effectively averaging the oscillation probability. To see
this, we note that the effects of non-relativistic neutrinos are only important near the tail
end of the spectrum where Ee ≈ mn −mp so we may take the neutrinos to be relativistic
where |pν |  mi. In this limit U ≈ 1 and V ≈ 0 so we obtain
dΓavg
dEe
(νe) =
(
1− 1
2
sin2 2θ
)
G2FV
2
ud
2pi3
(f2 + 3g2)|pe|Ee(mn −mp − Ee)2 + · · · ,(4.41)
dΓavg
dEe
(νµ) =
(
1
2
sin2 2θ
)
G2FV
2
ud
2pi3
(f2 + 3g2)|pe|Ee(mn −mp − Ee)2 + · · · . (4.42)
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Figure 1: The intensity of Tritium β decay for 31H → 32He + e− + ν¯e in the SM with
massless neutrino. The x-axis is the electron kinetic energy Ke = Ee − me. The y-axis
is the intensity which is proportional to dΓavg/dKe. The proportionality constant that we
have factored out is [G2FV
2
ud/(2pi)
3]f ′ where f ′ is the appropriate nuclear matrix element.
These two spectra are simply the SM spectrum for massless neutrino multiplied by the
average oscillation probability
dΓavg
dEe
(να) = Qavg(νe → να)dΓ
(mν=0)
SM,avg
dEe
(νe) + · · · (4.43)
where
Qavg(νe → νe) = 1− 1
2
sin2 2θ, (4.44)
Qavg(νe → νµ) = 1
2
sin2 2θ (4.45)
and
dΓ
(mν=0)
SM,avg
dEe
(νe) =
G2FV
2
ud
2pi3
(f2 + 3g2)|pe|Ee(mn −mp − Ee)2 (4.46)
thus verifying our claim. Summing over the flavors, we obtain
dΓavg
dEe
=
∑
α
dΓavg
dEe
(να) =
dΓ
(mν=0)
SM,avg
dEe
(νe) + · · · . (4.47)
Therefore, at the leading order, the neutron β decay spectrum obtained using the BV theory
is in agreement with the SM.
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Figure 2: The intensity of Tritium β decay for 31H → 32He + e− + ν¯α where α = e, µ with
flavor eigenstates. We chosem1 = 0.1 eV, m2 = 0.2 eV and sin2 2θ = 12 . The proportionality
constant that we have factored out is the same as fig. 1
In the case where the two neutrinos interact as mass eigenstates, the neutron decays
are n→ p+ + e− + νi where i = 1, 2. The resulting spectrum is given by
dΓ(mi)avg
dEe
=
G2FV
2
ud
2pi3
(f2 + 3g2)|pe|Ee(mn −mp − Ee)
×
[
cos2 θ
√
(mn −mp − Ee)2 −m21 + sin2 θ
√
(mn −mp − Ee)2 −m22
]
.
(4.48)
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Massless state
Mass eigenstates
Flavor eigenstates
18.5996 18.5997 18.5998 18.5999 18.6000
Ke(keV)
0.005
0.010
0.015
Intensity ∝ dΓavg
dKe
Figure 3: The intensity of Tritium β decay near its end point of QT ≈ 18.6 keV where
the neutrinos interact as massless, mass and flavor eigenstates. For the latter (the yellow
and green lines), we chose m1 = 0.1 eV, m2 = 0.2 eV and sin2 2θ = 12 . The proportionality
constant that we have factored out is the same as fig. 1.
To see the discrepancies between the theories, it is more instructive to examine the
spectrum of Tritium β decay since its end point energy is QT ≈ 18.6 keV as compared
to Qn ≈ 0.78MeV for neutrons. Having obtained the neutron β decay spectrum, it is
straightforward to obtain its counterpart for Tritium. One simply makes the substitutions
mn → mT , mp → mHe and f2 + 3g2 with the appropriate nuclear matrix elements [36, 37].
In fig. 2, due to the effect of oscillations, the intensities for each flavor are effectively
identical. When compared with fig. 1, we find Iνα,max ≈ 12ISM, max. Nevertheless, the total
intensities are in agreement Iνe + Iνµ ≈ ISM except towards the end point as evident from
fig. 3. The spectra for massive and flavor eigenstates have sharp cut offs at Ke = QT−m2 ≈
18.5998 keV since beyond this value, the spectra are complex. In fig. 4, we have plotted the
ratio of the intensity for neutrinos as mass and flavor eigenstates in Tritium β decay. Near
the end point, they differ by as much as 7%.
Strictly speaking, we should have performed the calculations with three neutrinos.
Nevertheless, at the leading order, it seems reasonable to expect eq. (4.43) to hold for three
or more neutrinos. The calculation for models with three or more neutrinos in the BV
theory are considerably more complicated. For now, we leave this task and the proof of
eq. (4.43) for future investigations.
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Figure 4: In this plot, IM = I1 + I2 and IF = Iνe + Iνµ are the intensities for neutrinos
as mass and flavor eigenstates respectively in Tritium β decay. We chose m1 = 0.1 eV,
m2 = 0.2 eV and sin2 2θ = 12 .
5 Conclusions
The Pontecorvo theory of neutrino oscillation was proposed almost sixty years ago and it has
withstood the scrutinies of many experiments. But the theory also has many conceptual
issues [38]. In particular, starting from να(x), ref. [14] showed that it is not possible to
obtain the Pontecorvo states |να〉 unless one takes the relativistic limit. Following this
work, we proved a new no-go theorem showing that Poincaré-covariant fields cannot be
constructed from states that are linear combinations of different mass eigenstates unless all
the mass eigenstates are the identical.
The BV theory, which is based on the extended SM with massive neutrinos, offers a
unified framework where neutrinos are described by generalized coherent flavor eigenstates.
The crucial point was the realization that the relations between να(x) and νi(x) are gen-
eralized Bogoliubov transformations. As a result, να(x) can be expanded from a set of
annihilation and creation operators that satisfy the canonical anti-commutation relations.
There are important features that deserve in-depth investigations that are related to
the general structure of QFT. In quantum mechanics, one of the most important features
is the superposition of states in the Hilbert space. In this respect, the BV theory has taken
an important step forward by considering theories that are based on the superposition of
quantum fields. Once this step is taken, the in-equivalence of states and the time-dependent
flavor vacuum follow uniquely. Although their physical interpretations are not entirely
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understood, they do not violate the principles of quantum mechanics and the structures are
closely related to the theory of coherent states.
Towards a deeper understanding of the flavor eigenstates, we studied their interactions
by computing the neutron β decay spectrum with two neutrinos. Similar calculation was
considered in refs. [22, 23] but was not completed. The main concern was whether flavor
eigenstates are well-defined in the limit far before and after the interactions. The main
result of this paper shows that these limits are indeed well-defined. In the relativistic limit,
the neutron β decay spectrum is in agreement with the SM. The flavor-violating process
n→ p++e−+νµ which contribute to the decay is due to the effect of oscillations as evident
from eq. (4.43).
Discrepancies between the BV theory and the SM in the neutron β and Tritium de-
cays due to neutrino masses and oscillations only arise near the end point energy of the
parent nucleus, the maximum attainable kinetic energy of the electron. For neutrons, this
is approximately Qn ≈ 1MeV which is about 107 times larger than the neutrino mass so
any effects are likely to be beyond the range of current experimental sensitivities. A more
suitable process that is currently under investigation by KATRIN is Tritium β decay since
it has a lower end point energy of QT ≈ 18.6 keV and a simple nuclear structure. Accurate
measurements of the electron kinetic energy near the Tritium end point would provide im-
portant information on the neutrino masses. From fig. 3, we see that for mass and flavor
eigenstates, the cut-off provides information on the values of m2. We expect this property
to persist for model with three neutrinos. This means that an accurate measurement of
the maximum kinetic energy of the electron will directly determine the maximum neutrino
mass. The other masses can then be obtained through the mass squared difference. An-
other important process to study in the future for the BV theory is neutrino capture by
Tritium. This process is used by the PTOLEMY collaboration to detect the cosmic neu-
trino background. The calculation presented in this paper includes only two neutrinos. A
more realistic calculation with three neutrinos will be carried out in the future.
In this paper, we have examined the ramifications of flavor oscillations for neutrino
interactions through neutron β decay. In the future, we would also like to examine inter-
actions where neutrinos appear as intermediate states via the propagator. The questions
we ultimately wish to answer are: How do neutrinos interact and how are they produced?
The theories proposed by Schrock and BV present two different pictures. In the former,
neutrinos are produced and interact as mass eigenstates while the latter suggest that they
are flavor eigenstates. For neutron β decay, this means that either n → p+ + e− + νi or
n→ p++e−+να where i = 1, 2, · · · or α = e, µ · · · for the respective theories. Lastly, there
is in fact another possibility that involves entanglement. In this case, the neutrinos interact
as mass eigenstates but they are entangled with the other decay products. For neutron β
decay, this means that the neutron state |n〉 decays to
|n〉 →
∑
i
Uei|p(i)ν 〉 ⊗ |p(i)p 〉 ⊗ |p(i)e 〉. (5.1)
To see how flavor oscillations arise, please see refs. [39, 40].
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Finally, the theories that we have discussed above may not be mutually exclusive since
they all start with the relation να(x) =
∑
i Uαiνi(x). In particular, when neutrinos interact
as mass eigenstates, the theory can produce separable as well as entangled states. In the
future, it would be interesting to compare the interactions and oscillations derived from
these theories.
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A Flavor operators
We now derive aα(p, σ) and bα(p, σ) in terms of ai(p, σ) and bi(p, σ). The Dirac field νi(x)
is normalized such that ui(p, σ) satisfy (no summations over i)
u†i (p, σ)ui(p, σ
′) = 2Eiδσσ′ , (A.1)
u†i (p, σ)vi(−p, σ′) = 0, i = 1, 2. (A.2)
Therefore, in the Heisenberg picture, the annihilation operators aα(p, σ) are given by
ae(p, σ) = (2pi)
−3/2
∫
d3x√
2E1
e−ip·xu†1(p, σ)νe(x), (A.3)
aµ(p, σ) = (2pi)
−3/2
∫
d3x√
2E2
e−ip·xu†2(p, σ)νµ(x). (A.4)
where να(x) ≡ να(0,x). Similarly for be(p, σ), using the identities
v†i (p, σ)vi(p, σ
′) = 2Eiδσσ′ , (A.5)
v†i (p, σ)ui(−p, σ′) = 0, i = 1, 2 (A.6)
we obtain
be(p, σ) = (2pi)
−3/2
∫
d3x√
2E1
eip·xv†1(p, σ)νe(x), (A.7)
bµ(p, σ) = (2pi)
−3/2
∫
d3x√
2E2
eip·xv†2(p, σ)νµ(x). (A.8)
Substituting eqs. (3.1) and (3.2) into the above expressions, the flavor operators are
ae(p, σ) = a1(p, σ) cos θ +
[
U(p, σ)a2(p, σ) +
∑
σ′
V (p, σ, σ′)b†2(−p, σ′)
]
sin θ, (A.9)
aµ(p, σ) = a2(p, σ) cos θ −
[
U(p, σ)a1(p, σ)−
∑
σ′
V (p, σ, σ′)b†1(−p, σ′)
]
sin θ,(A.10)
be(p, σ) = b1(p, σ) cos θ +
[
U(p, σ)b2(p, σ) +
∑
σ′
V (p, σ, σ′)a†2(−p, σ′)
]
sin θ, (A.11)
bµ(p, σ) = b2(p, σ) cos θ −
[
U(p, σ)b1(p, σ)−
∑
σ′
V (p, σ, σ′)a†1(−p, σ′)
]
sin θ.(A.12)
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The coefficients U(p, σ) and V (p, σ, σ′) are defined as
U(p, σ) ≡ 1√
4E1E2
u†1(p, σ)u2(p, σ), (A.13)
V (p, σ, σ′) ≡ 1√
4E1E2
u†1(p, σ)v2(−p, σ′). (A.14)
They evaluate to
U(p,±12) =
|p|2 + (m1 + E1)(m2 + E2)√
4E1E2(m1 + E1)(m2 + E2)
, (A.15)
V (p,+12 ,+
1
2) =
[(m1 + E1)− (m2 + E2)](px − ipy)√
4E1E2(m1 + E1)(m2 + E2)
, (A.16)
V (p,+12 ,−12) =
[(m2 + E2)− (m1 + E1)]pz√
4E1E2(m1 + E1)(m2 + E2)
(A.17)
(A.18)
and satisfy the following identities
V (p,+12 ,+
1
2) = −V ∗(p,−12 ,−12), (A.19)
V (p,+12 ,−12) = +V (p,−12 ,+12), (A.20)
∑
σ′
V (p, σ, σ′)V ∗(p, σ, σ′) =
∑
σ′
V (p, σ′, σ)V ∗(p, σ, σ′) = 1− U(p, σ)2, (A.21)∑
σ′
V (p, σ, σ′)V ∗(p,−σ, σ′) =
∑
σ′
V (p, σ′, σ)V ∗(p,−σ, σ′) = 0. (A.22)
For convenience, we define
V 2(p, σ) ≡
∑
σ′
V (p, σ, σ′)V ∗(p, σ, σ′). (A.23)
Utilizing the symmetry να(x)↔ νi(x) when θ → −θ, we obtain
a1(p, σ) = ae(p, σ) cos θ −
[
U(p, σ)aµ(p, σ) +
∑
σ′
V (p, σ, σ′)b†µ(−p, σ′)
]
sin θ(A.24)
a2(p, σ) = aµ(p, σ) cos θ +
[
U(p, σ)ae(p, σ)−
∑
σ′
V (p, σ, σ′)b†e(−p, σ′)
]
sin θ(A.25)
b1(p, σ) = be(p, σ) cos θ −
[
U(p, σ)bµ(p, σ) +
∑
σ′
V (p, σ, σ′)a†µ(−p, σ′)
]
sin θ (A.26)
b2(p, σ) = bµ(p, σ) cos θ +
[
U(p, σ)be(p, σ)−
∑
σ′
V (p, σ, σ′)a†e(−p, σ′)
]
sin θ (A.27)
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At time t, the operators are given by
ae(p, σ, t) = a1(p, σ, t) cos θ +
[
U(p, σ)a2(p, σ, t) +
∑
σ′
V (p, σ, σ′)b†2(−p, σ′, t)
]
sin θ (A.28)
aµ(p, σ, t) = a2(p, σ, t) cos θ −
[
U(p, σ)a1(p, σ, t)−
∑
σ′
V (p, σ, σ′)b†1(−p, σ′, t)
]
sin θ (A.29)
be(p, σ, t) = b1(p, σ, t) cos θ +
[
U(p, σ)b2(p, σ, t) +
∑
σ′
V (p, σ, σ′)a†2(−p, σ′, t)
]
sin θ (A.30)
bµ(p, σ, t) = b2(p, σ, t) cos θ −
[
U(p, σ)b1(p, σ, t)−
∑
σ′
V (p, σ, σ′)a†1(−p, σ′, t)
]
sin θ (A.31)
where ai(p, σ, t) = e−Eitai(p, σ) and bi(p, σ, t) = e−iEitbi(p, σ).
The time-evolution of the flavor operators can be derived using
ai(p, σ, t) = e
−Eitai(p, σ) (A.32)
bi(p, σ, t) = e
−Eitbi(p, σ). (A.33)
The relations between flavor operators at time t and t′ are obtained by substituting eqs. (A.32)
and (A.33) into (A.28-A.31) and then express ai(p, σ′) and bi(p, σ′) in terms of flavor op-
erators aα(p, σ) and bα(p, σ). The results are
aα(p, σ, t) =
∑
β,σ′
[
Uαβ(p, σ, t)aβ(p, σ) + Vαβ(p, σ, σ
′, t)b†β(−p, σ′)
]
(A.34)
bα(p, σ, t) =
∑
β,σ′
[
Uαβ(p, σ, t)bβ(p, σ) + Vαβ(p, σ, σ
′, t)a†β(−p, σ′)
]
(A.35)
where
Uee(p, σ, t) = e
−iE1t cos2 θ +
[
e−iE2tU2(p, σ) + eiE2tV 2(p, σ)
]
sin2 θ (A.36)
Uµµ(p, σ, t) = e
−iE2t cos2 θ +
[
e−iE1tU2(p, σ) + eiE1tV 2(p, σ)
]
sin2 θ (A.37)
Ueµ(p, σ, t) = Uµe(p, σ, t) =
[
e−iE2t − e−iE1t] cos θ sin θ U(p, σ) (A.38)
Vee(p, σ, σ
′, t) =
[
eiE2t − e−iE2t] sin2 θ U(p, σ)V (p, σ, σ′) (A.39)
Vµµ(p, σ, σ
′, t) =
[
e−iE1t − eiE1t] sin2 θ U(p, σ)V (p, σ, σ′) (A.40)
Veµ(p, σ, σ
′, t) =
[
eiE2t − e−iE1t] sin θ cos θ V (p, σ, σ′) (A.41)
Vµe(p, σ, σ
′, t) =
[
eiE1t − e−iE2t] cos θ sin θ V (p, σ, σ′) (A.42)
We use eqs. (A.34) and (A.35) to expand να(t,x) in terms of flavor operators at time
t = 0. The results are
νe(t,x) ≡ λe(t,x) + λµ(t,x), (A.43)
νµ(t,x) ≡ %µ(t,x) + %e(t,x). (A.44)
The field operators on the right-hand side are defined as
λα(t,x) = (2pi)
−3/2
∫
d3p√
2E1
∑
σ,σ′
[
eip·x Uα(p, σ, σ′, t)aα(p, σ′) + e−ip·xVα(p, σ, σ′, t)b†α(p, σ′)
]
(A.45)
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%α(t,x) = (2pi)
−3/2
∫
d3p√
2E2
∑
σ,σ′
[
eip·xXα(p, σ, σ′, t)aα(p, σ′) + e−ip·xYα(p, σ, σ′, t)b†α(p, σ′)
]
(A.46)
The expansion coefficients are defined as
Ue(p, σ, σ′, t) = Uee(p, σ, t)δσσ′u1(p, σ) + V ∗ee(−p, σ, σ′, t)v1(−p, σ) (A.47)
Uµ(p, σ, σ′, t) = Ueµ(p, σ, t)δσσ′u1(p, σ) + V ∗eµ(−p, σ, σ′, t)v1(−p, σ) (A.48)
Ve(p, σ, σ′, t) = U∗ee(p, σ, t)δσσ′v1(p, σ) + Vee(−p, σ, σ′, t)u1(−p, σ) (A.49)
Vµ(p, σ, σ′, t) = U∗eµ(p, σ, t)δσσ′v1(p, σ) + Veµ(−p, σ, σ′, t)u1(−p, σ) (A.50)
Xe(p, σ, σ′, t) = Uµe(p, σ, t)δσσ′u2(p, σ) + V ∗ee(−p, σ, σ′, t)v2(−p, σ) (A.51)
Xµ(p, σ, σ′, t) = Uµµ(p, σ, t)δσσ′u2(p, σ) + V ∗eµ(−p, σ, σ′, t)v2(−p, σ) (A.52)
Ye(p, σ, σ′, t) = U∗µe(p, σ, t)δσσ′v2(p, σ) + Vµe(−p, σ, σ′, t)u2(−p, σ) (A.53)
Yµ(p, σ, σ′, t) = U∗µµ(p, σ, t)δσσ′v2(p, σ) + Vµe(−p, σ, σ′, t)u2(−p, σ) (A.54)
B Transition rates
In a box of finite volume V where the interaction is switched on for finite time T , the
transition probability for |A〉 → |B〉 is [28]
P (A→ B) =
[
(2pi)3
V
]NA+NB
|SBA|2 (B.1)
where NA,B is the number of particles in |A〉 and |B〉 and SBA is the S-matrix. The number
of states in the phase space dB = d3p′1 · · · d3p′NB is
dNB =
[
V
(2pi)3
]NB
dB. (B.2)
Therefore, the differential probability for |A〉 to end up in |B〉 within the range dB is
dP (A→ B) =
[
(2pi)3
V
]NA
|SBA|2dB. (B.3)
In our calculation, the S-matrix contains more than one δT functions. For this reason, we
factor the S-matrix as
SBA ≡ −2piiδ3V (pB − pA)MBA (B.4)
where
δ3V (pB − pA) =
1
(2pi)3
∫
V
d3x ei(pB−pA)t =
V
(2pi)3
δpBpA (B.5)
and δpBpA is the Kronecker δ function. Therefore, the square of δ
3
V (pB − pA) is given by[
δ3V (pB − pA)
]2
=
V
(2pi)3
δ3V (pB − pA). (B.6)
– 23 –
The differential probability becomes
dP (A→ B) = (2pi)2
[
(2pi)3
V
]NA−1
|MBA|2δ3V (pB − pA)dB. (B.7)
In the limit of large V , the δ3V (pB − pA) becomes δ3(pB − pA). At large T , the energy
conserving δT functions in MBA becomes the energy-conserving Dirac δ functions. Addi-
tionally, |MBA|2 will be proportional to T . The differential transition rate is defined as the
differential probability per unit time
dΓ(A→ B) ≡ dP (A→ B)
T
=
(2pi)3NA−1V 1−NA
T
|MBA|2δ3(pB − pA)dB (B.8)
C Spin-sums and traces for neutron β decay
The spin-averaged decay rate for n→ p+ + e− + νe is
dΓ(νe) =
1
2
(2pi)2
T
∑
spins
|KµMµ|2δ3(pp + pe + pν)d3ppd3ped3pν
=
1
2
(2pi)2
T
∑
spins
[
(KµKν†)(MµM †ν )
]
δ3(pp + pe + pν)d
3ppd
3ped
3pν (C.1)
The spin-sum for MµM
†
ν is straightforward to evaluate∑
spins
MµMν† =
G2FV
2
ud
(2pi)8(32EnEpEeE1)
tr
[
(/pp +mp)γ
µ(f − γ5g)(/pn +mn)γν(f − γ5g)
]
=
G2FV
2
ud
(2pi)8(16EnEpEeE1)
[
− 2iµνρσ(pn)ρ(pp)σfg + (f2 + g2)(pµnpνp + pµppνn)
+ηµν [mnmp(f
2 − g2)− (pn · pp)(f2 + g2)
]
. (C.2)
However, the spin-sum for KµKν† is more complicated so we split it into three terms∑
spins
KµKν† =
3∑
i=1
Kµνi (C.3)
where
Kµν1 = F
2tr
[
(/pe +me)γ
µ(I − γ5)(/p1 −m1)γν(I − γ5)
]
= 8F 2 [−iµνρσ(p1)ρ(pe)σ − ηµν(p1 · pe) + (pµ1pνe + pν1pµe )] (C.4)
and
Kµν2 = FGUtr
{
(/pe +me)γ
µ(I − γ5)
×
∑
σσ′σν
[
V ∗(−pν , σ′, σν)v1(pν , σν)u1(−pν , σ′) + V (−pν , σ, σν)u1(−pν , σ)v1(pν , σν
]
γν(I − γ5)
}
(C.5)
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Kµν3 = G
2U2tr
[
(/pe +me)γ
µ(I − γ5)
×
∑
σσ′σν
V (−pν , σ, σν)V ∗(−pν , σ′, σν)u1(−pν , σ)u1(−pν , σ′)γν(I − γ5)
]
(C.6)
To evaluate the traces for Kµν2 and K
µν
3 , we rewrite the spin-sums using eqs. (A.19) and
(A.20). After some algebraic manipulations Kµν2 becomes
Kµν2 =
∑
σν
V (−pν , σν , σν) [u1(−pν , σν)v1(pν , σν)− v1(pν ,−σν)u1(−pν ,−σν)]
+
∑
σν
V (−pν ,−σν , σν) [u1(−pν ,−σν)v1(pν , σν) + v1(pν , σν)u1(−pν ,−σν)]
(C.7)
After some tedious but straightforward calculations, we obtain
Kµν2 = FG
m1[|pν |2 + (m1 + E1)(m2 + E2)](m1 −m2 + E1 − E2)
2E1E2(m1 + E1)(m2 + E2)
×tr
{
(/pe +me)γ
µ(I − γ5)
[
|pν |2 +m1(/p1 − γ0E1)
]
γν(I − γ5)
}
= 8FG
m1[|pν |2 + (m1 + E1)(m2 + E2)](m1 −m2 + E1 − E2)
2E1E2(m1 + E1)(m2 + E2)
×
{
− iµνρσ(p1)ρ(pe)σ − ηµν(p1 · pe) + (pµ1pνe + pν1pµe )
−E1
[
i0µνρ(p˜1)ρ − ηµν(p˜1 · pe) + (p˜µ1 pνe + p˜ ν1 pµe )
] }
(C.8)
where p˜µ1 = (E1,−pν). For Kµν3 , we obtain
Kµν3 = 2G
2U2V 2tr
[
(/pe +me)γ
µ(I − γ5)(/˜p1 −m1)γν(I − γ5)
]
= 16G2U2V 2 [−iµνρσ(p˜1)ρ(pe)σ − ηµν(p˜1 · pe) + (p˜µ1 pνe + p˜ ν1 pµe )] .
(C.9)
The contractions with Mµ are given by∑
spins
Kµν1 MµM
†
ν =
2G2FV
2
udF
2
(2pi)8(EnEpEeE1)
[
(f + g)2(pn · p1)(pp · pe) + (f − g)2(pn · pe)(pp · p1)
−(f2 − g2)(mnmp)(pe · p1)
]
(C.10)
∑
spins
Kµν2 MµM
†
ν =
[
2G2FV
2
udFG
(2pi)8(EnEpEeE1)
]
m1
[|pν |2 + (m1 + E1)(m2 + E2)] (m1 −m2 + E1 − E2)
2E1E2(m1 + E1)(m2 + E2)
×
[
(f + g)2(pn · p1)(pp · pe) + (f − g)2(pn · pe)(pp · p1)− (f2 − g2)(mnmp)(pe · p1)
]
−
[
G2FV
2
udFG
(2pi)8(EnEpEe)
]
m1
[|pν |2 + (m1 + E1)(m2 + E2)] (m1 −m2 + E1 − E2)
2E1E2(m1 + E1)(m2 + E2)
×
{
− 4[(pe · pn)Ep − (pe · pp)En]fg − 2(f2 + g2)(pn · pp)Ee
−4Ee
[
mnmp(f
2 − g2)− (pn · pp)(f2 + g2)
]
+ 2(f2 + g2) [mn(pp · pe) + (pn · pe)Ep]
+2Ee[mnmp(f
2 − g2)− (pn · pp)(f2 + g2)]
}
(C.11)
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∑
spins
Kµν3 MµM
†
ν =
4G2FV
2
udU
2V 2G2
(2pi)8(EnEpEeE1)
[
(f + g)2(pn · p˜1)(pp · pe) + (f − g)2(pn · pe)(pp · p˜1)
−(f2 − g2)(mnmp)(pe · p˜1)
]
(C.12)
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